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Introduotion: 

This repor t  reviews the rstatus of the photothermviscoelasticity 

research projeot  being oondiloted i n  the Department of Aeronautics and 

Astronautics a t  the University of l’~a8hingi;on under Research Grant NsG-401. 

Pa r t s  of t h i s  r epor t  have been compiled i n  a form su i t ab le  for a NSA 

Teohnical Note and w i l l  be submitted f o r  approval i n  the immediate fu tu re .  

The research program is direoted to  establ ishing a procedure f o r  t h e  

s t r e e s  analysis  of geometrfoally complex s t rua tures  containin2 visco- 

e l a s t i c  mater ia ls  i n  t o t a l  o r  i n  p a r t  and subJected t o  t rans ien t  tern- 

perature  and/or non-proportional boundary loadings.  A primary object ive 

has been the development of routine experimental procedures fo r  obtaining 

euch retrees etatoe. As detai led  in this report suah a routine procedure 

and the neaessary equipment have been developed for l inear  visaoelaetia 

materials .  The experimental procedure employs and extends tho techniques 

of photoe lae t ic i ty .  The necessary in t e rp re t a t ive  procedures employ , the  

basic  mathematical hypotheses and fornulation preeented herein. 

Under the ex is t ing  grants ,  the fundamental mathematical formulation 

of the r e l a t i o n s h i p  between the d i e l ec t r i c  cha rac t e r i s t i c s  and the 

mechanical state of l i n e a r  v i scoe las t ic  b i re f r ingent  materials was for-. 

d a t e d  and experimentally ver i f ied ,  

obtained i n  a polarisaope a r e  re la ted  d i r ec t ly  t o  the d i e l e c t r i c  character-  

Sinoe the observable f r inge  pa t te rns  

i s t i c s  it is poseible t o  r e l a t e  these pat terns  to  the mechanical s t a t e .  

To roach t h i s  point  i n  the continuing researoh program the following de- 

velopments were neoessary: 

(a) suitable transparent birefr ingent  v i scoe las t ia  p l a s t i c s  f o r  

which it is  possible t o  tailor the  mechanical properties:  



i f  

apparatus f o r  the opt ica l  and mechanical character izat ion 

of the v iscoe las t ic  p l a s t i c s :  

a rotating element photoviscoelastic bench: 

apparatus and techniques f o r  obtainirg thermal propert ies  

and the measuremnt, of temperature effects  oi? the 0ptica’- 

ana mechanical charac te r i s t ics :  

experimental teohniques f o r  oonducting photothermoviscoelastic 

observations i n  t h e  polariscope and tne incerpretation of 

these photopaphieal ly  reoorded observations: 

~~~~~~ ~ 

A6 with any well conceived experiment tne development i s  b u i l t  on 

an exhaustive ana ly t ic  investigation of the opt ica l  and mechanical behavior 

of visooelertio matariala. The firrt part of this report preeenta a eurvey 

of t h e  r e s u l t 8  of these etudies .  

as referenced. 

required experimental ve r i f i ca t ion  and these a re  reported i n  the second p a r t ,  

In the concluding sec t ion  of t h i s  p a r t  the appl icat ion t o  a typical  therm-  

v i saoe la s t i c  problem is i l l u s t r a t e d .  

pressure and thermally loaded so l id  propellant motor grain cross-section 

which is a problem presenting severe d i f f i c > d t i e s  i n  theoretical. analysis .  

The method is applicable t o  any thermally and mechaniaslly leaded s t r u c t u e  

containing l i n e a r  v i scoe las t ia  material and which can be mdtsl.;d as a two- 

dimensional specimen. 

dimensional models by using imbedded polariscopes but the experimental tech- 

niques are much more d i f f i c u l t .  

t 

Details appear i n  the open l i t e r a t u r e  
e 

Fundamental hypotheses made i n  this ana ly t ic  formulation 

The e x a q l e  chosen is t’nat of a 

The same method is d i r e c t l y  applicable t o  three- 



The RppendlC@6 describe in detail aspects of the interpretat ive 

techniquee, the nature rt?d characterization of the birefringent visco- 

elastic plaetics used and the apparatus developed. 

is dram to the rotating element ?hotoviscoelastic bench which was 

first successful ly  used i n  1-362 but coniiiiues to be modified and improved 

GO s u i t  the iucreasingly complex experiments as we reach for the general 

all-purpose equipment and techniques. 

Par t i cu la r  attention 



I. Theorg 

1. Basic Ideas. 

This sec t ion  provides an analyt ical  basis fo r  understanding the 

opt ica l  propert ies  of b i re f r ingent  vlscoelastic materials and f o r  the 

appl icat ion of them materials i n  experimental etress analysis .  In  

order to  determine the sta te  of s t r e s s  i n  a v iscoe las t ic  body, the 

basic idea i s  t o  manufaoture a model from a transparent birefr inpent  

material  and then determine the stress s t a t e  of the model by obser- 

mt.inn nf t,h? model i n  IA polariscope. I n  the viscoelastic oase, it 

i s  necessary t o  have a catnglr-ete reoofd of the h is tory  of isochromatic 

f r inge  order and i s o o l i n i c  angle i n  order to  determine the stress a t  

the present time. 

The c l a s s i ca l  theory of l i n e a r  viscoelasLizity is reviewed i n  
I 

section 2. 

The theory of propagation of l i g h t  i n  a d i e l e c t r i c  a t  r e8 t  i s  

described i n  sect ion 3. 

time i s  determined by the  or ien ta t ion  of the pr incipal  axes of the d i -  

I t  is shown tha t  the i s o c l i n i c  angle a t  any 

e l e c t r i c  tensor and the  fringe order a t  aw time is proportional t o  

the  differenae i n  pr inc ipa l  Indices of r e f r ac t ion  (see reference 1). 

I n  sec t ion  4 ,  t he  re la t ionship  between opt ica l  charaoter i s t ics  and 

meohanicsl s t a t e  I s  explored. Thfs is the core of the problem. -4 

theory sui'fioiently general t o  in t e rp re t  benavior a t  small s t r a i n  i s  pre- 

sented, 
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2. Viscoelast ic i ty .  

2.1. gasio Eauations: I 

In  t h i s  sec t ion  some re su l t s  are c i ted  xhich are.used t o  i n t e r p r e t  

our experiments. The experiments have been purposely l imi t ed  t o  small 

displacements and quas i - s ta t ic  loads; t h a t  is ,  conditions are such tha t  

t h e  classical l i n e a r  theory can be used and inert . la t e r n  ne<;lected. 

The usual Cartesian tensor indicia1 notation and saxnation convention 

a r9  used. 

In  ret8ngular oartssigen coorutinates, t h e  equilibrium e q u a t + m  

(2.1-1) 

The body foro8 fk will be negl igible  i n  our experiments. 

t h e  component8 of the strese tensor which i s  qymmetric. 

h 

G'nroq:hout the following discussior!. 

The akm are 

'The sjmbol 

m w i l l  mean p a r t i a l  der ivat ive with respect t o  tne coordinate x , m 

The conponents of the s t r a i n  -tensor & are r e l a m i  t o  tile d i6-  km 
placement veotor % by 

(2.1-2) 

In order to  write the stress-str*ain relations i - t  is convenient t o  

introduce the devistcric stress skol and de*;iatoric s-traiii e def ined  by kin 

(2.1-3) 

where 6km denotes the  Kronecker del?;a, Then, for  %I i so t rop ic  material 
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A 

0 

(2.1-5) 

Where the d o t  refers to t h e  der i - ia t lve  w i h  respect to the -iar.iable 

indlcated and l~ arid c are the meail n2drostat ic  stress and s t r a in  

respec;iT:el-y. 
rr rr 

The inverses of q u a t i o m  ( 2 . 1 - 4 )  aiid (2.1-j) at-? 
~~ 

+ 
Y 

0 

t 

(2.1-6) 

(2.1-7) 

The fclnctions C ( t ) ,  and K ( t ) ,  o r  J ( t )  a d  B ( t )  character ize  t h e  

material a i d  have the names; 

J ( t )  - shear areep compliance 

B ( t )  - bulk creep compliance 

G( t) - shear relaxation modulus 

K ( - t )  - bulk relaxation rnoddus 

0 

t 
I' K (t-7) B (7) dT = t 

J 
0 

(2.1-8b) 
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Given J( t); G( t) can be calculated by solving (2.1-8a) s imi la r  to  the 

mzthod shown i n  Appendix A . l .  

We mw r e c a l l  8ome r e s u l t s  f o r  special  deformations. First, con- 

siiier a uniaxial  s t r e s s  f i e l d  which is  approximated bj the tension t e s t .  

If ul1 i 0 while the other aompments of s t r e s s  are zero, the deviator ic  

s t r e s s e s  a r e  

( 2 . 1 4  

and t h e  others  are zero. From equation (2.l-3), (2.1-;), and (2.1-7), 

t 

- 3 J ( L )  - 2 B( t )  
6 J(t) + 2 B ( t )  

v ( t )  = --- 

(2.1-10) 

(2.1-11) 

(2.1-12) 

(2.1-13) 

The pair of functions D ( t )  and \ )( t)  a l so  charactepize th? material 

and have tne names 

D ( t)  - t e m i l e  areep compliance 

v (t)  - flPoissonts Ratio" f o r  creep 
* 

* 
Thi def in i t i on  chosen here l eads  t o  E 

test. 
Poisson's r a t i o  fo r  e l a s t i c  materials. 

= -v F: f o r  the miaxial  creep Y X 
T h i s  de f in i t i on  is not a ulllqua general izat ion of the idea of 



Solving equYtions (2.1-12) and (2.1-13) we have 

teiisil e t e s t  . 
rile inverse of (2.1-13) is  

: (2.1-15) 
0 

b 

The new functions is related to  the  t ens i l e  creep compliance by tLi? 

Volterra integral equation 
L 

i D ( t - 7 )  E ( 7 )  dT = t (2.1 -1 6) 
0 

and nas the  name: 

The complete sol>l t ion to  a ~ r o b l e m  i n  l i n e a r  v i s c o e l a s t i c i t g  

is de te rdned  by eqiiations (2.1-1) - (2.1-3) arid a piir of the st-ess- 

s t r a i n  r e l a t ions  slioh as (2.1-4) arid (2.1-5) 

The so lu t ion  nust satisfy c e r t a i n  boundary conditions. Usuallx 

$he. displacement vec-bor is  

stress vector F is given o , e r  the  reminder. The stress vec",or i s  k 
related t o  t h e  stress tensors by 

over p a r t  of the bou;darJ- whilc- %he 
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where n are the  components of the ulit normal t o  the  surface.  m 

2.2.  Elas t i c i ty :  

The theory of l i n e a r  elastic materials may be viewed a s  a special 

case in the theory of viscoelast ic i ty  when 

and 

where h i t )  is a unit s t ep  function 
~ 

:. 0 ,  t 0 

- 1 ,  t r o  
h ( t )  = d, 

Then 

0 = Go h ( t )  

K = KO h ( t )  

and 

D ( t )  = Do h( t )  

E ( t )  = Eo h ( t )  

The e l a s t i c  constants G o, Eo, vo. and K are re la ted :  
0 

0 
E 

KO = 
3 (1-2vo) 

The f i  ?ld equations become 

(2.2-1) 

(2.2-2) 

(2 2 - 3 )  

(2.2-4) 

(2 2 - 5 )  

(2.2-6) 

(2.2-7) 

(2.2-8) 

(2 2-59 
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(2.2-10) 

(2.2-11) 

s km = 2G0 ekm (2.2-12) 

(2 2 - 1 3 )  

Thus, time plays the ro l e  of a param-..Ler and does not  appear explicitly 

i n  the f i e l d  aquatiom. 

2.3. Proportiofial Loading: 

An important class of problems a re  those f o r  which t h e  s t r e s s  

vector on the surface has t he  form 

(2.3-1) 

This is termed proportional loading. 

conditions the s t r e s s  f i s l d  has the form 

Let u3 determine under what 

- 
5 = c '  
kn "kn ( x )  f ( t )  (2 .3-2)  

where can be determined from tiis theory of e l a s t i c i t y .  km 
The boundary oonditions (2 .l-1'7) give 

ah nm = Fk (2.3-3) 

In  t h e  absenoe of body force, the equilibrium equations (2.1-1) give 

- 
%*k, * O ( 2 . 3 - 4 )  

'The deviator ic  stresees are 

- 
s - 6 f ( t )  krn km (2.3-5) 



. .  where 

- -  - 
%In* 1/3 Try A h  (2.3-0) - 

The s t r e s s - s t r a in  r e l a t ions  (2  .l-t3) and (2.1-7) g ives  

- 
2 ekm = 2 elrm g ( t )  (2.3-7) 

- 
F = 2 k ( t )  rr rr 

I 

where 

8 

(2.3-8) 

(2.3-9) 

( 2.3-10) 

The constants Go and K are a rb i t ra ry  constants. 

Subst i ta t in2 equations (2.3-7) i n t o  t h e  s t r a i n  displacement 
0 

equations (2.1-2), we sse t ha t  the displacements cari ham the form 

(2.3-12) 

only i f  g( t )  = k ( t )  or G : ~ ~  = 0; that  i s ,  only when B ( t )  i s  pro- 

port ional  -to J ( t )  by a oonstant f ac to r ,  

From equations (2 .l-14) 
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equstions of e l a s t i c i t y ,  provided tile bourldap conditions of tfie v i s -  

coel a s t i c  problem agrees wi t r i  (2.3-11, and (2.3-1 3) . 
I n  f a c t ,  v i s  n.sver corstant for aqy mamrial. 

happens tha t  hie var ia t ion  i n  I! w i l h  time i s  sli:iit or  t h e  ef fec t  of 

c h s ~ ~ e s  i n  u on the so lu t ion  to tile e l a s t i c i t J  problem is s1iLht. 

In these case8 tile stress f i e l d  w-der proyorLiona1 l o a d i n >  can be 

kit i t  frequwLI3-  

approximated by tho elas t i c i t y  solution. 

2.4. Plane Stress: 
2 If the  displacements a', u a re  independent of x3 arid .T - - 

33 - L t  

the equations of sect ion 2 . 1  c&? be simp1ifi .d tc tile followiq-. 

e =  
cL= 

( 2 . 4 - 2 )  

( 2 . 4 - 3 )  

( 2 . 4 - 4 )  

(2 .4 -5)  

i 2.4-0) 
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Tne Greek indices  have the range 1, 2 arid a l l  quant i t ies  a re  f u c t i o n s  

of x‘ and t. 

’I%? equations ( 2 . 4 4 )  - (2.4-6) define a plarie stress problem. 

There i s  an important c l a s s  of plane s t r e s s  problems f o r  Which the 

solut ion is independent of t h e  material propert ies  which we now coa- 

sider. In t h i s  case, the  stress can be calctdated from t h e  corres- 

ponding e l a s t i c i t y  solut ion.  

Equatiens (2.4-1) e s a t i s f i e d  5g the Airy s t r e s s  function F 

3 3, F uy % r 3  y iJ 

= I  
IJGB 

”here EaB is the permutation symbol. 

Eliminating t h e  displ~cernents from ( 2  4 - 2 )  $;ives 

( 2 . z 

Thtse a r e  the  conrpa t i ? 3 i I i f , y  relations . 
Subs t i tu t ing  (2.4-7) h t o  (2.4-3) - (2.4-6) arid tne r e s u l t  

i n t o  (2.4-8) leads to 

I f  the  bomdarj: con::ttoiis are  s o 1 - i ” ~  on sfuress, :I-e eqmtions (2 .4-9)  

and tine 8 tr2ss bouid&ry conditions c o q l e  te12 de termhe the stress 

izdependent of t h e  materiel yropzrties and t n e  s t r e s s  is t b e  same as 

f o r  an e l a s t i c  materiai. 
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2.5.  Short  Time Solution: 

We oonsider now a suddenly applied load and determine the solut ion 

immediately a f t e r  l oad ing  ( t h a t  is, immediately a f t e r  all waTie propaga- 

t i o n  e f f eo t s  a r e  carpletPd).  

The s t r e s s  and s t r a i n  f i? ldSare re la ted  by (2.1-4) and (2.1-2). 

For a s t ep  change a t  time ze ro ,  

s kn: = 2C(o) ekm 

u f - )  
_I rr I/? :Irr - I \ \U }  

~~ 

Further, from (2.1) 

G(o)  J(o)  = 1 

K(o) B(o) = 1 

( 2.54) 

(2.9-2) 

The oond%itutive relations a r e  ident ica l  to the e l a s t i c i t y  equations 

with e l a s t i a  moduli equal to  the values of th-3 relaxatioi: modulus a t  

time zero, Tnerefore the stress dis t r ib . i t ion a t  tlie irisLant of loading 

w i l l  be the same as  given by the e l a s t i o i t y  so lJ t ion  for shear Inodulus. 

G = G(o) and bulk modulus K = K(o) or  Yoisson r a t i o  v = v(o) 

2.6, L0n.c Tlnp Solution: 

Th=. viscoe las t ic  matxdals  usua l ly  m c o > m t e r e d  ha-:: 2 fading 

rmnory, That is ,  the s t r e s s  dar: to  a s tep c h a y c  i n  s t r a i r  d?creases 

i n  t i m e .  The r e s u l t  i s  tha t  when loads 8re rr,air.taine.l a t  a constant 

value, an equilibrium s t a k  i s  reached s x h  t h a t  I;o fbrtk-er c!iange i n  

stress o r  s t ra- in  occurs. 
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W 

0 (2.5-1) 

The constituTive eqaations c o i x i d e  rvlth l l c e a r  ?lasi,icl L;: wi_ ;h modul i  

equal '"0 1,ke val::es of tile r e l axa5on  ?unctions a t  %ix: 5 f i l l1  by. Cosse- 

quently, if the surface loadz  remair C o x L u m t ,  t h 3  25ress s:a;e w i l l  

eventual&T approach t h e t  of the e l a s t i c i t y  solut;on for  shear modulus 

G = G(m) and Poisson r a t i o  v = v ( 7 3 ) .  

1 

* 

2.7, 'Yave PropaEation: 

';:e consider here a pr.opaSatiniS, dlscontin:ri.-ty i n  acceleration. Euah 

discontinuities are always accompanied by discontiniiiti+s i n  padient  

of s t r a i n .  They propaFate at speeds cr iaracter isLic  of ti:? miterial, 

Tkie speed of propagatior 01' such dis?,.Lirbances j s  ~ f t ~ 3 ~ .  f ' o ' zd  t o  co- 

i n c i d e  w i t h  t h e  speed of propazation of i n f in i t e s iml  harnmic  f i e l d s  

where such prgb! ems can  be so17red. Tlias we ma;,; suyyose the speed of 

propagation of discor;t lnli i t ies w i l l  3.3 51.. sane as ",lie cpx?-I of pro- 

pagation of a disf7irbance i?-",rcd-.xed , .  snsll i q : a c ?  CY: -G? ~.::3 of a rod. 

Coiisider a E : L T ~ S C ~  ; ~ T O F S  wh ich  sorCL, f ~ ~ s t i  o ~ i  f is d !  s:mi t in  i o i ~ .  

L ? t  [ f i  denote ?,he diir'ere!!ce of the ~.a1.!i.-s or  f 0:: wic9 s:de of -the 

smface  at aEy i r i s  t ac t .  

PJow consider the uniaxia l  stress f i e l d .  73-3 k?a.:;ce of l i n e a r  

momenta gi ves 



Let 

( 2 . 7 4  

(2,'7-2) 
s =  p2;1 7 x  3 x  J . 

rhen from tile k inmat i c s  01' s i x u l a r  5 irface, the jimp L:i acceleration 

is ~ 

, 

(2.7-3) 

where U is the speed of propagation of the surface. Thus 

- -1 

(2 .?-5) 

niff zrentiatlri.2 
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-1 This r e l a t i o n  applies on each si e of the walie. LLTJS, 

The second term i n  (2.7-6) is the  same on both sides of the wave s ince 

t h ?  change ir, the integrand zt a dfscre te  point  does not chan-e t h e  value 

of the inteLTa1, 

From (2.7-7) and (2.7-4) 

~ 

$-:ad ( 2 . '7-8 1 
0 

That i s ,  the speed of propagation is  determined by the  value of t h e  

t e n s i l e  relaxatiou n ~ d c i l . ~ ~  a t  tine zero. 

2.8.  Temperature Effects:  

Each of the macerial prop-.rt;r f jr ictions i s  t e n p r a m r e  dependent. 

That is ,  i f  Lhe "ens i le  -best i s  coiid-cceci a t  differe,i7; eemperatoes, the 

t e n s i l e  creep compliance is a d i f f e ren t  fuliction of L i m e .  

ins tances  t h i s  temperature dependence can be described 3; an empirl cal  

rel a t i o n  involving the so-callea cime- ceqera-cure equivalence" . I'he 

material is theii termjd thermo-rheologically simple. 

In n i a r l j  

L e t  G ( t )  be ine re laxat iou inoddus a t  comtant  temperature T and 
- 
G ( t )  be the re laxa t ion  modulus a t  soiiie reference temperatne To, see 

Fig.  (2.1.1 Suppose tha t  LIE effect  of teilrperatw2 on tne  shor t  timo 

modulus and long t ine  modulus is such h a t :  

G (0) = (0) (2.8-1) 
- 

G ( m )  = S (a) ( 2.8-2 ) 
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have the 6am.e value 

The time fJ is cal led the reduced time. I t  depends on the temperature 

T of the test and the time t a t  which t h e  ordinate C is measdred. 

Enpirical evidence s.-g[es t t ha  i; fcr mqy materials 

f = a (T) t .  (2.8-4) . 

The Pmctiori a(T) of teiqera'cire is known as a temperature s h i f t  factor 

( in the sense of shifting t h e  curves i f  Fig.  (2.1). were plot ted on 

log  time). 

Similar results are thought t o  describe the i s o t h e r m i  values of 

the other material p rope r~y  r'unctiarls. 

Ieothermal sxperimntra c a m t  determine the nature of the stress- 

s t r a i n  re la t ionship  for t e s t s  i n  which the temperature varies wi th  time 

and no experimental evidence is availaSle.  A possible general i z a t t o x  

whi ch is compatible wi t,h :he isothermal observations was proposed by 

Morland and Lee . ~ n ~ 3 i - r  ldea i s  that r a t e  of chxge  of the rnodulxs ( 2 )  rn? 

is  detsrmiried by the ins tan xneous temperature. 

I C  G ( t )  i s   ha relaxatio-rl rilc7du~i~s nnpasared. a t  v a r y i x  <emperature 

f (  t )  , then (2.8-3) holiis. T h ~ s  

d G  d4 dG 
d t  d7 a t  

- -3. 

The furidmental hypotliesis i s  

(2.8-5) 

I (2.8-6) 



16 

This agrees atit,!? (2 .2 -4 )  i n  Llie isolnerxlal case. 

i s  a function of tine f o r  a given pa r t i c l e ,  

I, t eq je ra ture  

t 
*, 

F ( t ) =  J 1 a ( ; ( t ) )  d t  (2.8-7) 
0 

This general izes  (2.8-4) t o  the case of varying temperature. 

Now suppose the same temperatilre var ia t ion  occurs but the 

s t r a i n  is  applied a t  time 7. 

modulus. Again assuming t h a t  the i n i t i a l  and f i n a l  values a r e  

Let ET( t )  be the  r e su l t i ng  re laxa t ion  

independent of temperatures, there e x i s t s  a function ( t )  such t h a t  
7 

- 
F T W  = G (2.84) 

and 

dF7 - m  

dt 

'The f undamerl ta 

- -  d% - 
d t  

d'5T d t  

hypothesis 

Since 

- 
FT ( 7 )  = ti ( 0 )  

w e  m u s t  have 

7 ( 7 )  5 0 
'T 

.s 

(2.8-.))  

(2 .S-lO) 

(2.8-11) 

Thus, 
t 

= f a (T ( t ) )  d t  5, J 
0 
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t I- 
- - ' a ( r  (t)) dt - a ( 2  ( t ) )  a t  'T - J 11 

0 0 

<(t) - 5 ( T )  

Tho stress due  t o  continuo.Llsly c h a w h g  s t r a in  is Lhen 

t 

(2  3-12) 

(2.8-13) 
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,. . 

3.  R i x f  ri qy i i ce .  

3.1.  Ideal M+Aectri-:: 

In  t h i s  sec t ion ,  we review a theory of birefringence based 

q o n  t h e  descrip tlon of l i y l i t  as an elsctromcigne$ic wzve propagating 

in an ariso-tropic d i n l e c t r i c ,  Our  5xperi:wnis Bi le  purposely l i i n i i e d  

to quas i - s ta t ic  deformations, Tnils,  cluing 5hr  tirile or" p s s a , ~  of an 

electromagmetlc wave, $he displacernerlts of the material a r e  negl igible .  

The equations of a d i e l e c t r i c  a t  rest can therefore be wed .  

more, s ince we intend i o  observe OI&- r e l a t i v e  i n t e m i t y  of ligh: 

transmitted, the absorption and dispersion will be n q l e c t e d .  

eqaat,ioils of an anisotropic  d i e l e c t r i c  tnen have the t'olloaing form: 

3 u r t h e r -  
~i 

The 

= o  "B 
a t  curl. E + - 

Di - - .  .- . ' o  Ki i j  EJ  

1 
z : i =  - E  

uo - 

( 3.1-1 ) 

(3.1-2) 

(3 .1 -3 )  

( 3 .  lL -4 
> 

Xere, E - i s  the  e l e c t r i c  f i e l d ;  

I1 - is  iile poten t ia l  of f ree  currellL; 2 is the potenciai of f r e e  charge. 

is th;. densi ty  of rnqnet ic  f l u x ;  

- 
propagation occurs. 

The f i e l d s  D end B a re  a l so  sub jec t  t o  the r e l a t ions  

and do are fuxdzmenLal properxies 01' the  material i n  whleh 

K i j  will be termed t h e  d i e l e c t r i c  tensor 

A - 
d i v  = C 

div D = 0 - 
(3.1-5) 



However, these r e l a t ions  a r e  not independent 01' (3.1-1) 3Ed (3.1-2) 

3.2. Plan; Wave: 

'Ye w i l l  consider only t h e  case wwrr t h ?  Jirectior,  cf propagation 

coincides with on? of the  principal ax& of %he d i e l e c t r i c  tensor. 

L ? t  us choose the  coordhate  axes pa ra l l e l  50 t h 3  pr incipal  axes 

of the d i e l e c t r i c  tensor K 

propagation of the wave. 

real or  im-ary part of the terms: 

and Lake x' = z t o  be the direccion of i j  

A plane wave can then be represented by t he  

(3.2-1) 

(3.2-2) 

( 3 . 2 - 3 )  

(3.2-4) 

( 3 . 2 - 5 )  

wh .re k i s  the wave number; w is the angular r'requencj.; a, 5 ,  d, and 

h a r e  constant complex vectors .  
I 

The f i e l d  equations (3.1-1) - ( 3 . 1 - 4 )  inplj ( s e e  r$ference 7 )  

zha-r, onl:: two such plane waves are possikle .  

of 2 and 

- h coincide with %ti? o tner .  

In each case  he di rec t ion  

coincide wich  one of tlie remainin; principai axes, and and 

The index of rei 'raction der'i,,Ad '0.j 

kc 
N = -  "k (3.2-6) 

has the value 

\ 3.2-7) N = J-K 
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wnnre K is  the pr inkipal  value of t h e  d i e l e c t r i c  teiisor associated 

w i t n  t h e  ax is  along 2. I'he f i e ld  equations (3.1-5) an? s a t i s f j e d  

t r i v i a l l y  . 

3 . 3 .  Dielec t r ic  Slab: 
I 

\Vie consider a s l a b  of' d ie leczr ic  of Lhichness t noil:de:: kJ- planes 

which a re  surfaces af Coi-stai-lllr vaicimof z, and t h e  z-axis i s  a p i x -  

c ipa i  axis of K .  

c ipa l  axes of K.  

Choose t h e  remi iLng coordinate axss alon; the prin- 

If a plaue ~ transverse -wave is  incident oii one sarface then p a r t  

of t h e  wave i s  transmitted and par t  is  r e f l ec t ed .  A siinilar trws- 

mission and r e f l e c t i o n  occurs a t  the  sacoud surface.  

f i v e  electromagnetic waves a s  shown i n  Sig. 3.1 . 
Taus, there a re  

If the inc ident  wave is such t h a t  t he  e l e c t r i c  f i e l d  co imides  

w i t h  one of the  pr incipal  ax is  K ,  tkierl , n ~  e l e c w i c  f l e l d  or̂  ?ach 

wave has th ; t  same d i rec t ion .  The incident  f i e l d  

E = 
-1 -1 

and $he trariimitted f i e l d  

( 3 3-1 ) 

a r e  para l le l  sn3 (see rsfer-ence 7) 

-5  a = C $  ( 3 . 3 - 3 )  

Ne-i k 0 Ii 
C =  -ikh 2 -ikh ( I + N ) ~  e - (I-N) e 

( 3 . 3 - 4 )  



3.4.  Plane Polariscope: 

chornia;,ic l i g h :  bhrougfi a po la r i ze r .  T h i s  wase fs incident OR the 

i ( k  z - , , t )  Y = A (C1 cos Q cos - c sii i  3 s i n  q :  e o 
2 3.4-1  1 

the 5-ex is  an8 the axis of the poiarizer;  3 i s  the angle between 

+lie x2-axis aril +,he h x i s  c.? :?e ax:. zx; k 

C1 and C 

r e spec t ive ly  (see refererice ?) .  

= ,"e; a .?, :r? c-7 F :ants 
0 

2 are ~ i i e n  D;. tta i'ormulas ( ? . 3 - 4 )  wl th k = \ or k = k 2 

Equstion (3.4-1) ea!. be p u t  ill the  form 
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2 
r- t an  0 = Lan k h 

1 + N  

n n n 2N 3 4 - 4 1  

+ A ji2 sin .I. sin ;I cos .:- 
L 

( 3 . 4 - 6 )  . 

* 

and 

(3.4-7) 

(3 .4 -8)  

3 .4 -  :.> 
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2 For the materials used i n  photoanalysis, .hil i s  eqdal to  N 

i n  t h  na tura l  s t a t e  where :hey have a ?ala of abouc i . , . Ir, the 

deform?d s;ate, id1 and ?!2 chsnge by terns of a j o 2 t  10 -5 . Iri such 

cases, the  minimum values of equation ( 3 . 4 - 8 )  occur a t  nnarly integer 

values of n and 

in(!! 
2nc 2 1 n - (N ) 

?“ne minimum values of equation ( ~ . & I C ) )  occur  approximtely where n 

is &n odd imltip’fe of 3. 
t h e  model which are called isochromatic l i n 5 s .  

Tple locus of a l l  such points Corm l i nes  on 

From equation (3..4-8), there  w i l l  be zero l i ~ h t ,  jntensit ;-  a t  

those points  f o r  whiah t h e  pr incipal  a x i s  of t h e  d i e l e c t r i c  t,ex,sor 

coincide with the axis of the polarizer-analyzer. 

such points form lines or1 tne moiel whlcn a re  cal led isocl-ini? l i n e s .  

The locus of all 

The var iable  n is c a l l e d  t he  f r i n g e  order  and the di r ‘ fe rerxe  

i n  pr incipal  i nd ices  of r e f r a c t i o ~ ~  i s  t e m e d  t h e  b i r e f r i n g e x e  

(3.4-12) 
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4.1, General Law: 

The opt ica l  character of the mater ia l  i s  determined oy  t h e  

d i e l e c t r i c  tensor K .  

t he  d i e l e c t r i c  tensor can be calculated.  

and therefor .  Djr  any other  tensor from which 
Ij 

The tensor which has The sanie principal axes as K and which - 
has the  pr inc ipa l  values equal to the pr inc ipa l  waves speeds is given 

0s 

f 4.1-1) 

where c i s  the  \felocit;r of l i g h t  i n  f r ee  spact:, This tensor completely 

determines K and i s  used by Read, : 4 /  
CI 

-1 
plays a d i r e c t  r o l e  i n  the  so lu t ion  of the 

j! I t  uas used by :dinulin.' 
1s 

The temor K 

electromagnetic f i z l d  equ l t ions .  

The tensor which h3s the sane pr inc ipa i  axes a s  K., and which 
I J  

has pr inc ipa l  valu=.s eqlal  t o  $he p r k c i p a l  ir,-l;ces 0:' refracsion i s  

gi?d en by 

(4.1-2) 
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opt ica l  re laxat ion a t  CorisuaiiL s :rain. rlie behavior is siliiilar t o  

the s t r e s s  re laxa t ion  observed a t  coristalit s t r a i n .  Thus, we h ~ y o -  

thesize t h a t  the re f rac t ion  tensor depends upon +,he his tory  of 

deformation w i t h  a fadirks memory, 

’fie & w i l l  consider i n  t h i s  repor t  Oiil jT small displacemests. rli 

fading m.--mrjT functional m y  be approximated i n  th3 case of small 

displacement gradients .  In  tne case of anisotropic  mater ia l ,  the  

re1  a t  ion be comes 

Let 

‘9ij = Id i j  - 1/3 Nkk L i j  

Then 
id* 

denote the deviatoric part of N 
- 

(4.14) 

I 

where e is a<:air- Lh+: de  i s t o r i c  p a r t  c f  , r L ?  s d r a i ~  t,r:-sor. The i’unction 

B( t) gives the birefringenca a t  constant s t r a i n .  It, na,!,  ::Ier?<ore, be 

i j  

termed t h e  op t ica l  re l sxa tS  on nodi~11is.  

The inverse r e l a t i o n  of (4.1-5) is 
t 

of t h e  type (2.1-8). 

Combining t h e  stress-s t r a i n  re la  t i o n  ( 2  .I-o) w i  r,n ( 4  .I-)) $\res 

I 
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The f u m t i o n s  B( t j  and $! ( tj a r e  re la ted  by 
t 

l?i = Y [ B ( L - 7 )  J ( 7 )  dT ( 4 .1 -8 )  
0 

Ths function ,$( t )  gi-ges the fringe order a t  constant stress. It, 

therefore ,  character izes  t h e  optical creep a t  cor,stan: l oad .  

'The in.Jerse of (4.1-7) is  

e 

E km = 1 m (t-7) %m (T) u r  ( 4 . 1 - ? )  
0 

The f:mctionS :( t)  and > ( L) a r e  r e l a t ed  b-7 a Vol%errs i n t e g ~ a l  eql+tion 

of t h -  type (2.1-8). ~ ~ _ _ _ _ ~ ~  

4 . 2 .  Stress and S t r a in  E i r e f r i n p m x :  
e 

Consi'lier t h e  p o s s i b i l i t y  

where h ( t )  is  thz  unit sLep functior,. Th-.n, equa~cic~i (4.1-3)  

be corne s 

Ri9 = 2 Bo e i j  

$ ( t )  = Bo J ( t )  

I n  t h i e  case, the  birefringence i s  proportional to the difference 

i n  pr inc ipa l  s t r a i n s  and the i soc l in i c  angle coincid- PS W i i 1 2  +,ne 

p r inc ipa l  a x i s  of s t r a i n .  h material characterized b l r  eq int,;ons 

( 4 . 2 - 2 )  may be terrned s t r a i n  b i re f r incent .  
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Consider tiie possi hi 11 1.9 

J(t) = i‘ t )  
0 

Then, equation (4 .1-7)  Secomcs 

L+ .2-3‘ 

(4 .2 -4 )  
1 C( t >  = - J( t )  
0 

B ( t )  = $ o  G(t) 

I n  % h i s  case, the j i re f r ingence  i s  prcport5onal t o  t h e  difference 

i n  pr inc ipa l  stresses and t h e  i soc l in i c  angle coincides wi th  the 

pr inc ipa l  axes of stress, 

( 4 . 2 4 )  may be termed etress-birefrin,ent.  

.4 material characterized by eqJations 

ConsiJer an elastic ma-terial which is s tress-biref  r ingent  . 
Subetituting equation (2.2-12) i n to  equations (4.2-4) leads t o  an 

equation of the form ( 4 . 2 - 2 ) .  Thus, a s t r e ~ . ~ - b i r e f r i ~ ? . i e s t  e l a s t i c  

material  is a l s o  s t ra in-birefr in2ent .  

e l a s  t i c  material i s  s t r e s ~ - b l r e f r i n ~ ~ e n t .  

S i a i l a - 1 7 ,  a stz-ain-biref ringent 

Consider t h e  possibiliJ,y 

(4 .2 -5)  

( 4 .2 -5 )  
i j  

R = a s  c 3 e  ij ij 

This r e l a t ion  i s  o f t en  i n  f a i r  agroeme?t w i t h  the eyperiaenial  da ta .  
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The lis; 0;‘ :;uti: special  cases of the represen:atior, of 

Section 4.1 is eridiess. such Lqdztions as ( 4 . 2 - 2 ) ,  ( 4 . 2 - 4 ) )  ard 

(4 .2-6)  are  cer ta inly not an17;ersel b ~ l t  ma7 describe some speclal  

materials accarately enou;h f o r  some appl icat ions.  

sentat ions a s  (4 .2-6)  may be useful i u  qualit,ati-:e reasoriht:, L.e. 

to  exercises of “physical intui ;ion”, 

Such repre- 

4 . 3 .  Slow or  Rapi1.i Motions: 

The cons t i tu t ive  r e l a i ions  (L+. l -*>)  are of the  same form a s  

(2.1-4) anb the f1mcTCkim 3 ( ? )  is generally f o n d  t o  be of the same 

character 36 C( t )  . Thus ~ the s a m  approxination theorems held for 

both r e l a t ions .  

For a s t e p  change i n  strair., the instantaneous value of the 

refraction tensor is given by 

11 = 2 s ( 0 )  e ( 4 .3 -1  ij i j  

-7, 
I t ~ u ~  ever; material  with fa f in ;  memory is  strain-birefringenT f o r  

sifficien”,..;. rapid s t i - i i n .  

is also -1last ic  i2  ‘;his time region, i t  is  therefore  a l s o  stress- 

As shown i!i Section 2.6,  such a inaterial 

b i re f r ingent  for rapid deformazion. 

If the s t r a i n s  a r e  maintained constant,  t h e  re f rac t ion  tenser 

approach the value gi-;en b~ , 

RiJ = 2 B(=) e i j  ( 4 . 3 - 2 )  

Thus every material w i t h  fading memory is  s trai:i-biref ri:qeIik fo r  



4 . 4 .  Temorature 3eueiiciexe: 

Each of the ma ie r ia l  proper t J r  h i c  Lions Is  .mperatiire aspendent. 

If ,he teiisile t e s  t i s  condJ-ted at, difiererib tempera c u e s ,  the opt ica l  

creep compliance $ is a differelit function of tim?. 

of the mechanical and opt ica l  behacior, w e  mag expect t h a t  c e r t a in  

materials w i l l  have an a z i c a l  hehn-;jor which is  therrno-rheolo~ica~lS 

Erorn tiie s imi la r i ty  

SiEple. 

Let  t h P  reduoed time be defined by 

0 

The function b(T)  of temperature may be termed t h e  opti.ca1 shift factor.. 

We then define an op t i ca l ly  thernio-rheologically simple maierial by 

the coristi tut ive r e l a t i o n  
t, 

(4 .4 -2)  

where B ( t )  is she optical r2laxation no.i-alus f o r  811 isothermal tes t  

a t  reference temperature 1. 
- 

This generalizes equatioc (.4.1->), 

It may happen that $Le n?ctm~'  a1 a r d  optical  shift f a c t o r s  a re  

J 
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5 .  

11, Experiments 

The material  from which t h e  nodel is  nan>Jfactu-ed must ha-je 

the  same m-,chanlcal charac te r i s t ics  as the pro5otype. Therefore, 

one must be able  t,o prepare a po1ym.r of pre-determined re laxa t ion  

modulus, Our procedure i s  t o  nix l iqu id  eFox;T r e s ins  with p l a s t i z e r  

and hardener, and then cas t  a sheet of material .  The model is then 

c u t  from the sheet .  

%he re laxa t ion  timas cac b; chsni;?j e y e r  9 wide ran:e. T h i s  yrocedwe 

By varying the proportions of va he Jnzredients,  
~ ~ ~ ~ ~ 

is described i n  4ppr :d ix  h . 2 ,  

The o p t i c s 1  yropert; i-s of the  model wi ter iaI  a re  desericir;ed from 

T h i s  gives the f r inge  order a t  constant the  tensile weep test, 

stress $ .  The stress a t  constant f r i z e  order 9 is then calculated 

by solving an in tegra l  eq iatioD (-.nppendix -4 , I .  ) . 
We consider here onl;. plane s t x s s  prob1e:ns. Imode l  i s  then 

loaded and heated and the ternpera-b-e, f r i n p  ord2r ,  and i soc l in i c  

angle a r e  recorded a t  each point a s  a f m c t i o n  of tiriie. 

equation ( 4 . L G 9 )  and tile prnviously determined fmlc tlon T ,  the difference 

B;i ;LS ng 
i 

i n  pr incipal  stresses and the or ien ta t ion  of principal ctressss can 

'02 de termin2d. 
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2 7  2 s  
2 = XY 

~~~ 
~ 

The principal stresses are gi--en + 

2 L s i n  8 + 0 cos a - 2 7 sin cos 3 "2 = ux Y w 

( 6.0-1 ) 

(6.6-2) 

( 6.11-3) 

6. L 4 )  

principal  stresses in th? F l a r s .  

. 
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9olvinZ (6.6-1) and (5.G-2), 

T = (g u ) s i n  3 cos ,2 
X y  1 2  

Thus 

Similar resalts hold for. tile r e f r a c t i m  te:;sor when tti ?'z-axis is 

a principal ax i s :  

The r9lat; ion (4.1-7) l a a d s  to 
t 

Thta r e l a t i o n  (4.1-3) l eads  t o  

d i. 

0 , (6.0-4) 

) COS 2 = ' $ ( v-T)  -- ( 7 )  COS 2 C (7); dT 
(0,- v 2  d; - 

(ol- 
t 

s i n  2 D = I 4 (t-7) d 
( I )  sin 2 ~3 ( t > i  dT 

0 
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where, by ( 3.4-11 ) , 

Then J ( t )  anti B ( t )  can be calculaLed f r o m  ( 2 . 1 - 1 4 ) :  
i 

i .  ..-2) 

J = 2 (I+\) D 

R = 3 (1-2,,) !.’ 
f r  
( I .( -5) 
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Th? constant s t r e s s  7 i s  applied arid LhP intensi t , ,  ol l i g h t  

* . L ~ ~ i s d t t e d  7 -  i s  measured b; a phoLocel1. The s x c e s s i v ~  peeks on 

the in t ens i ty  curve correspond t p  in'ceger values of t'ne f r  nge order 

E. 

Cali be determined from (7.0-1) and (7.6-2). 1% graph of $ d e t e r m i x d  

a t  ropm temperature f o r  m i x  A i s  shown i n  F ig .  7.1. 

tes ts  a t  various temperatwes a r i  shown i n  Fig. 7.2. f o r  I L L S  B. T k w ?  

13y observing the time of occurrence the opt ica l  creep f inc t ion  $ (  t )  

The resil ts  of 

tivo ~ O ~ Y P S  were of the S B I X  prcpcrtisns cf raw mt-xi.81 b u t  show a sl izli t  

difference in t h e i r  mechanical and optical proper.ti es, 

The longi tudinal  and l a t e r a l  s t r a i n s  were a l s o  m asclred a t  room 

temperature fo r  mix A .  

(7.0-3) as shown i n  Fig .  '7 .3 ,  and the trarisverse contraction r a t i o  v f ; >  

is shown in Fig. 7.4. Because of the small change in thickness t h  

l a t e r a l  s t r a i n s  a re  d i f f i c l d t  t o  measme, and the la rge  halid of ex- 

perimental  da ia  in Fi:. ' i . 4  is due $0 t h i s  c y .  erlii;er,+,al error' r a the r  

than any r ea l  va r i a t ion  or material p roper t ies ,  The shear c ~ e e p  coil;- 

pliance J ( t )  and bulk creep comp1iar.m R ( t )  c a l c u l a k d  from ( ' 7 . 0 - 3 )  

are  show~i i n  F ig .  7.5, a.nd '7.<,.  I n  the i,?s%s a t  hlglier t%pxat l res  of 

mix B,  orily the  longitudinal s t r a i n  was measured. 

compliance i s  sho;:ii i n  Fig. 7.7.  

The t ens i l e  creep cornpliance 2 ( t )  coxiputed b,; 

* 

Tne -telisile creep 

If the dependence of Lhe f i n a l  data on t e c i p r a l w e  Is neglscted i r ;  

Fig. '7.2, Lhen the temperature dependence of tile op.tical creep function 

over - th i s  small change of ';.r:rii,?er.oT,,xe cciii L e  reasoriabl, well described 

by a temperature shift f a c i o r  as cleflxiFd by (4.4-1) and ( 4 . 4 2 ) .  

op t i ca l  al-ld mecha:-i.;cal shir": :ac:ors are E:IIOW,I ir ?I;. 7.8. 

2 1 3  



ml-; - - A <  e-1 m - n n -  C i q m n + i n n  is nl e n  rnaaonahl v well d ~ s p r j h e d  lur u p b ~ b a r  ~ A L G ~  L C Y ~ U V I - V ~ . )  - A I y  _--_____-_ ,, 

2 
by t h ?  empirical r e l a t i o n  ( 4 . 2 - 5 ) ,  arid (4 .2-6)  w i t h  ‘J, = 0.15 x 

and 3 = 0.3 x 10 . 
in/lb 

-2 The resu l t ing  representation i s  shown i n  Fig .  7.3.  
i 

The speed of propagation of a wave in a rod was measured a s  de- 

sc r ibed  i n  Appendix A . 5 .  

zero I s  then calculated from (2,7-8). 

The value of the re laxat ion modulus a t  time 

Since 

1 D (0) = - e( 0) ( 7 . CL : ) 

the i n i - t i a l  value of D ( t )  is then known. 

I n  o r d e r 4  anal,-ze +.he phocoviscoelastic daca it is necessar:- LO 

g ( t) bl” 
A 

0 

This equation is solbed by a numeric31 technique i n  conjcliic clor; w i  tln 

the d i g i t a l  comput?r as discribed in ,*.ppsndix A . 1 .  The res,& t s  are  . 

s h m n  i n  F ig .  7.10 for one esse. 



8. Test I. 

A shee t  was bonded to metal b1o':ks along opposite edges a s  

shmn i n  Fig. 8.1. The b'.ocks a re  nssent ia l iy  r l g i d  compared to 

the polymrtr. BJ loadirg t h e  blocks a s ta t?  of i-,earl$ plane s t r e s s  

i s  obtained i n  the sheet.  If the  load o:? t he  3lock is m n s t a n t .  

the problem is  one of' proportional loadixg as descriaed i n  Section 2.3. 

I f  the time var ia t ion  of Fi;. -,'.4, can bi. ,ieglected, t i i .Z i1  the? stresses 

w i l l  be constant. Experience w i t h  e l a s t t c i t y  problem leads us to 

think t h a t  var ia t ion  of v s h o l l d  not ha-de a strop!: effeqt. 1 Lkerefore,  

we choose this configuration f o r  8ome preliminary t e s t s .  

In  the  f i r s t  t e s t ,  t h e  i m l d  vtas "sheared" by constant loa& 

P 

the stress will be constant and be the same as i f  the  material were 

A s  shown i n  Section 2.3,  :f the variat ion i n  'i is  niglected,  1' 

e l a s t i c .  Th? stress sla;e i:, an e lase l :  niacerial was cletor;n;,,t.ii bJ 

stan'lar? photceias I i c  mans .  i t  was fodf-3 ,hac tine sh=.ar. s twss varied 

al.on;i the c e n t e r l i : ~  s'r:om. 111 Fig. 0.2. By symmetry, thy po in t  

i n  ;he center of t h e  speclmen experiences a pure shear stress, i, e.  

ox = CT Thus, w e  expec-, cox:, ;a ,L  loads F t o  g! ' l ?  a coistani, 

s t a t e  of s t r e s s  

= 0 . Y 1 

a t  the center .  The par t ic16  at the center  experiences a creep t e s t .  
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The experimental results are shown i n  Fig. a . 3 .  They agree with the 

expected value. The ma l l  deviation ma,J be d ~ 2  to :ioi--iinear x k a r i o r  

caused by t h e  r a the r  l a rge  s t r e s s  applied. 

We then decided i o  deaonstcate the f a c t  tha t  the i s o c l i n i c  &g:lt? 

does not coincide with t,h.z prii,cipal axes of stress. Bg firs: app:2irlL; 

a load P2 and then, a t  a latela tiirle t - ,  applyin? the load P1, t h e  

p r i n c i p l  axes of stress ean tr rnade LO rotace. &e isrx!irLic &-:,!e 

U 

r’ne weight of The framx a l o m  caus.?d som- shear siress t o  v?n:zr. we 

may regard as ha:rj.ng reacned ail eq:LLibr.ium staLe. By ( 4 . 3 - 2 ) ,  (2. -1 ) 

and the formula of Section 4.1, 

(8.c;-3) 

The loads  P r e s u l t  i n  a s t a t e  of stress a t  the centPr  with 

T = 0 .  We assumed t h a t  t h e  stress 0 was ne;ligii?lo ar.d T m s  

approximately equal t o  the average stress: 

2 

X y  Y X 

t ‘> 6 qx = q 9  

0 L O  ( d . L-4 ) Y 

X y  
-r = o 

where the  5 d i rec t ion  has been desl.,naLed a s  x and the x dlrecr ; icn 2 

as y. 



The values of the  re f rac t ion  tensor ar? 

The shear l o a d  PI applied a t  time to results in stresses: 

t ' t  
0 

7 ' 7  v 
3 = 0 

IT-, = 0 

X 

d 

4 

Tha \slues of the  refractior,  tenzcr a r c  

(8 .0-5)  

( 8.0-8) 

N x  - N = Q i t )  q Y 

The i s o c l i n i c  ang!e is  given by 



Thus, 

The angle predicted by (8.C-lC') is cmpared w i t h  it.. o l ~ e r v e i i  

isoclinic angle in Fig.  8.4. The ay-eernext, is wishlri .exper-henta1 

dev i u r , l  on. 
~ 



A specimen shown i n  Fig. 3 .1  was cut  from a sheet  a s  described i n  

The nodel has  a c i rcu lar  outer boundary and an i r r egu la r  Appendix A . 2 .  

inner bomdary. A uniform noma1 pressure was applied along the oilter 

boundary and t h e  model was heated by a heater along t h e  inn:r boundary. 
I 

The polaroid was cu t  t o  the  shape or' the model and plsced i? contact 

w i t h  i t .  

t o  minimize heat loss a t  the smface .  

rippendix A . 7 .  

Transparent p l a s t l c  p a r a s  were then placed arounr; the material  

The procedures a r e  described i n  

It was shown i n  Section 2 . 4  that  the stress fiel-j. i n  a plane strPss 

problem wi%h s t ress  Sa;?dair./ c o n 3 t i m s  aad u i f ~ r i n  ~e~upei-a L ' U ~  i s  the 

sailie as  i f  the material  x2re e l h s t i c .  Iri p a r t i c u l a r ,  t h Z  s t r ? s s  i s  

independent of the material  properties.  

is subjected t o  constant external  pressure,  the stress a t  aw point  

shduld be constant.  

The i s o c l i n i c  angle a t  each po in i  is then constant and c o L c l d e s  with 

the pr incipal  axes of s t r e s s .  

c ipa l  axes. Then equations (6.C-8) and (7.C-2) l n a d  to  

Thus, i f  the unheated model 

Each p a r t i c l e  experiences creep a t  constant strpss. 

TakP the  coordins-Le axes alonz the prin- 

Since C(t) i s  known from the t ens i l ?  t e s t ,  Section 7 ,  the expeezed fr inge 

order can be ca l ca l s t ed ,  to  wLthln a constant fac tor .  Thy ac tua l  f r inge 

pa t t e rn  was recorded w i t h  a ~novi  cam r a .  R typical  frarn-. is  shown i n  

Fig .  9.2. 

order at several p o i n u  i n  Fig. 1.3 and the Qreem-nt is sa t i s fac tory .  

The expected ? r ing< order  i s  compared with the obswved f r inge  



If tne  temperature of tne model i s  not uniforn then T;he s t r e s s  

f i e l d  w i l l  not be constant even when the  boundary pressure Is cmstant,. 

However, by means of (6.0-31, the  difZerence i n  pr inc ipa l  s t r e s s e s  and 

d i rec t ions  of pr inc ipa l  stress car. be ciilculzted by In t eg r s t i@n over  

the observed h is tory  of Cringe order  and i s o c l i n i c  angle. 

In  the  present tes t ,  t h e  model was heated until a s t e a d )   on- 

T h i s  i;era-perati2”-? was uniform temp, r a t u r e  d is t r ibuc ion  was reachcd. 

maintained throughout the ioading:. 

isothermal deformations. 

the function 1Jr will be dii‘fereit, for each point  becaise 5? t m y )  r a tL i r ”  

i s  d i f f e ren t .  

Thus each p s r t i c l :  erperiences 

Equation ( 6 . 0 - 3 )  appl ies  t o  each poin t  but 

We expected that, the s t r e s s  a L, the iimer bowfaarg. d x  Lo a E t q  

change i n  boundary pressure would be l a rge  a t  first, then dlminish, 

but f i n a l l y  increasing t o  initial valu?. 

I n i t i a l  s t r e s s  should be t h e  s a w  a s  for an e i a s i c  na te r ia i  and t h x e -  

fo re ,  neglecting the  e f f e c t  of temperature on Lke i a l u ?  of G : o )  and K(o ) ,  

the s t r e s s  should be the  szme as i n  tile mLforn; ;e,qei-aLare tesl; of 

Fig. 2.3. 

The modulus G ( t )  becomes much smaller h t  the ho t t e r  po in ts .  

A s  shown i n  Seciion 2.3, the 

The hot ter  points  on t h e  inner  boundary then begin LO re lax .  

Consequently, 

th<y !!cari?y ti mialler portiori 0: t h e  ?md”,  and t h c  c t r ~ s c  *;;Ill d e c r e a s ~  

a t  t,he h o t t e r  poinbs. 

times i s  the same as for. an e l s s t i c  material; therefore ,  ne,rlsctin,s 

the e f f e c t  or‘ temperat-ue on G(m) ali6 K ( m ) ,  th.? s t r e s s  sho-Jld approach 

t h a t  observed i n  t h e  uniform .cemperatiu‘e t es  c. 

As described i n  Sectioc 2.6 the stress a t  long  

The f r inge  order accua l ly  observed a t  a point  i s  shorn i n  Fig. )..d. 



A t  a poin t  on the boundary t h e  pr inc ipa l  a x i s  of s t r e s s  arp normal 

t o  t h e  boundary a t  a l l  times. Choose the coordinate a x i s  along the 

principal a x i s  of s t r e s s .  = G ;  ~ Then, in (6.0-9), 4 = 1*3 = 0 and 0 2 
I. . / @ (t-7) (7) dT ('3.02) 
0 

- . 

The stress calculated using the observed fringe order and the f u n c t i o i  

@( t) calculated from the opt ica l  creep function $ (t)  f o r  the par3 ic le  

temperature, is shown i n  Fig.  9.5. I t  ha6 t h e  expected character. 

The exact analytical ~ solution ~ is unknown and so no oomparison is possible. 
~ ~ ~ ~ 
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.r, POI- the quasi-s$aiic -,roblms of l m d e d  structar;.s containing l i n e a r  

v i scoe las t ic  mater ia ls  an experim-ntal technique has be?n developed. The 

experim:?ntal technique employs op t i ca l ly  birefringent v i scoe la s t i c  p l a s t i c s  

from ivhich models a r e  prepared and observed i n  a photoelastic bench undnr 

the  s a m  loading s t a t e s  a6 i n  the prototyp s t ruc ture .  

propert ies  of the p l a s t i c s  can be t a i lo red  t o  those of the psotctype. 

The observed. f r inge  patterns i n  t h e  pho Loelastic ber ich can be in te rpre ted  

by employing the theory detai l - td  i n  this report and the  expfir ia  n-tal 

character lza- t lon both optical. and nsc?::~~? cal. oC t,hr:- bir?frirt,Tm+, ? l a s t i c ,  

The te?hnique permits qusnti.:a5ii:e str3ss sml;Tsi,r of ?ngin ?er<nz s true- 

tural protAer,s which zr" analytfcally ex trerne1;r d i f f i c i i l  t or i n t r ac t ab le .  

Such problems exis t  i n  s o l i 5  propel-lant rocke t  motor qr8fne where the 

motor i s  expose3 t o  thermal and hand1 ing  1. oads , i n  highly h.:a :,e? st ruct i i res  

as ex l s - t  -in re-entry ?:chicles ar,i wi1.l -3x.:lat, in supersoni c bra 

a i r c r e f t ,  e-tc,  The developed e q ~ p m e n t  Find tec:hniques a r e  es tabl ished and 

a r e  in ",he process of being r e r ' b d  3.0 t , h P j r  can be used rout ine ly  i n  an 

engineerirg analysls or design s-tud;. J .  

Th? mechanical 
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I V .  Plans f o r  Continuing Effor t .  I 

I I n  an e f f o r t  to build upon the knowledge and experience galn.jd 

1 i n  thi. f i r s t  phase of t h i s  research program9 and t o  make the r e s u l t s  

I more meaningful t o  the .engineer and designer who will i n  the fu t ? i r c  

be faced with t h i s  type of problem, t h e  following areas of conGinu'ng 

study have been defined. 

( a )  exis t ing  techniques, boih expwinental  and iz,terpre:ativo. 

w i l l  be ref ined for the quasi-s ta t ic  tind l i n e a -  m t s r i a l  

Sehavior problem, 

e 

~ 

( b )  an Pxtenslon of the thoex-;,. t o  Include KOC-1 inear  a-?d nori- 

thermo-rheologically simp1 e ma t e r i a l  will be maC;e. 

( d '  djmarnic s t u i e s  w i l l  be uder taken .  I t  w i l l  thus be necessary 

t o  dynamically charecter ize  the material  which ,vi11 of necessity 

involve wave propaga cion s tudies .  This will involve d ? ~  e1op:nent 

or" dynamic equipment f o r  7;ne h i g h  resolut ion o y i i c a l  b5iich which 

w i l l  be used i n  rlynarnic pho twlas t i c  an1 photovircoelee t i c  s t i ldies  . 
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Fig. 2.1. Isothermal Relaxation Moduli 
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free epaoe dielectric -- free space 

Fig. 3.1. Dielectric Slab 
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Fig. 7.8. Mechanical and optical  s h i f t  faotors. M i x  B 
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Fig. 7.9, Optical Creep Compliance. Mix A. 
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Fig. 7.10. Inverse Optical Creep Function. 
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TEST I 

Fig. 8.1. Combined Shear and Tension 
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F i g u r e  9.2: I s o t h e r m a l  p r e s s u r i z e d  g r a i n  
Model 6300 s e c o n d s  a f t e r  l o a d i n g  
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J.F'P?!iDIX 4.. 1 

CALCULATION OF RXLIUrATION MODTJL'-E F3O?A CREW C9PLIANCE 

BY NUMERICAL MTTHODS 

1. Introduction: 

Most of the problems concerning s t r e s s  d i s t r i b J t i o n  i n  l i n e a r  visco- 

e l a s t i c  b0dil.s are of ten  60lVed by assuming t h a t  the behavior of the 

material  under stress can be approximated by a su i t ab le  combination of 

l i n e a r  viscous and e l a s t i c  elements (dashpots and spr ings) .  This method 

leads  t o  the problem of solving a d i f f e ren t i a l  equation of the form: 

where n ( t )  i s  a stress component 

y( t )  

pi and qi are material  constants depending on the n a t w e  of 

the springs and dashpot6 used and m and n are in tegers  whose 

values depend on the number of springs and dashpots and the 

way they a r e  combined. 

i s  the corresponding s t r a i n  component 

This method i s  sizcpl-: if we can apprcximite the Sehatrior of the mter iz?  

under consideration with a small nanber of elements. 

mater ia ls  any r e a l i s t i c  approximation of t h e i r  s t r e s s - s t r a in  r e l a t i o n  by 

the above method requi res  a l a rge  nunber of elements resu l t ing  i n  a d i f f -  

e r e n t i a l  equation of high order. 

However, f o r  m s n y  

The solut ion of such an equation becomes 



almost impossible beyond 8 ce r t a in  stage and hence the above method of 

representat ion of mechanical behavior i s  of l i m i t e d  use i n  stress analysis  

problems, 

h o t h e r  method which is much more general i s  t o  represent the  s t r e s s -  

s t r a i n  r e l a t ions  by Convolution in tegra ls  following Boltemannls Super- 

pos i t ion  Principle .  Accorffing to  t h i s ,  the s t r e s s - s t r a in  r e l a t i o n  of a 

(1 .l)* l i n n a r  v i scoe las t ic  material  can be wri t ten as .  

t 
g ( t )  = fE(t-7) <(T;) dZ 

= -  ~ ~ ~ 

t 
y (t) = r D ( t - < )  (;(<) d: 

4 - .m 

( A.1-2a) 

(A.1-2b) 

where I?( t) i s  tne relaxat ion modulw of %ne m-cerial a t  time t. D( t) is 

the  creep compliance of the  material  a t  t i n e  t and the superposed dot rep- 

resents  d i f f e ren t i a t ion  w i t h  respect  t o  time. Most of the problems a re  

concerned with a a t e r i a l s  which were i n  s t r e s s  f ree  s t a t e  p r io r  t o  time 

$50 and i n  such cases the lower l i m i t  of i n t eg ra l s  i n  (8.1-2a) and (A.l -2b)  

is replaced by zero. The relaxat ion modulus and creep compliance a re  con- 

tinuous firnctions of time which characterize the pa r t i cu la r  v i scoe las t ic  

mterltil iirlder consideration and hence sholild be evaluated ejrperimental:g. 

However, as they a re  no t  independent as shown ir, the next sec t ion ,  the 

m?asurement of one of the fanetions shou ld  siaf'flce fo r  the  calculat ion of 

?,he other .  Sui table  numerical techniques a r e  developed f o r  the ca lcu ls t ion  

of creep comrliance from nessured data of rel-axstion rnoci-2.u~ i n  the  Fre-JiodE 
1 * 

Number i n  brack ts r e f e r s  t o  the  references a t  the end of t h i s  appendix. 
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but  no such inethode are avai lable  f o r  the ca lcx la t ion  of (1.2) l i t e r a t u r e ,  

re laxa t ion  modulus from data on creep compliance. 

i s  very desirable  a s  i t  i s  eas ie r  t o  perform creep t e s t s  and thus measure 

creep compliance a t  various times ra ther  than the measurenenr, of re laxa t ion  

modulus. The aim of t h i s  discussion i s  towards sach a goal, 

Such a numerical method 

2.  Basic Theory: 

T a k i n g  Laplace transfoi-m of iA.1-2a) and (A.1-2b) one obtains ,  

- - -  
q = s y F  (A.I-3~) 

(A.1-3b) ~ 

- - -  
and y = s 3 3  ~ 

where t h e  superposed bar on a v-ariable represents the Laplace transform 

of t h a t  var iab le  and s is  the parameter used i n  pel-forming the t racs-  

formation. M5lt iFl icat ion of (A.1-3a) ani! fA.1-3b) results i n  

2 - -  
E c = l /s  { A .I -4 ) 

raking the inverse Laplace transform of ( A . 1 - 4 )  and assuqing that  the 

material  i s  i n  sT;ress f r ee  s tace  pr io r  t o  t = 0 ,  we g e t  
t, 

The above equations a re  the fundamental r e l a t ions  between %he creep 

compliance and the re laxa t ion  modulus or' the material  and hence can be 

used t o  ca lcu la te  one of the above functions provided the other i s  known 

f o r  a l l  times s t a r t i n g  w i t h  time zero,  Any analy t ica l  so ld t ion  of the 

above equation requires the creep compliance t o  be a simple function of 

time. But f o r  many materials ,  any r e a l i s t i c  approximation of tho creep 
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compliance by simple fls-ctizns 5s x t  possi"vie a d  hence one m u s t  r e s o r t  

to numerical methods for  solving e i the r  'A.1-5a) or (A.l-5b). Althoxgh the 

num?rical method has t h e  advantage of requiring values of the creep com- 

pliance a t  on ly  a f i n i t e  number of d iscre te  times, i t  does have d i f f i -  

c u l t i s s  w i t h  accumulation of error as Time increased. I n  the next sec t ion  

an attempt a t  a nmer i ca l  method of evd:uation of re laxat ion mo&Jlus from 

creep data i s  presented using equation (JL.1-,5b). 

3 .  ihmerical Method: 

Several creep t e s t s  nai-e been performed on v iscoe las t ic  models. The 

r e s u l t s  a r e  presented i n  Fig. A.l.l. 1x1 the  data fell between the two 

Srsken 1iis curves.  Tine continuous curve sno-wn i s  taken to be the sc tua l  

creep curve. Additional information concerning these tests is  presented 

in r e fe rmce  1.3. 

Suppose t h a t  the relaxat ion modulus a t  time t = T i s  desired,  i . e .  

F(T). The in te rva l  [O,T] is dividPd into K subintervsls  of a r b i t r a r y  

maLgnitude with t, = o and t+ = T .  Indicate: D( t i ) ,  Y ( i i )  e t c .  Sy 

D( i ) ,  E( i), e tc .  

tK+l - - & 

1 F. + 1 
Using t h i s  nots t ion (A.l->b) can be wr i t ten  as: 

$+1 
D ( t K L l -  7 )  ? ( T )  ?T 

K 'it1 
, =  E f D(tK+',-  7 )  ?(T ' )  <T 

i=1 
ti 

( A  .1-6) 

Lr, e3ch in t e rva l  l e t  us approximate 
9+1 
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i tl 

K-1 

i =1 

Rearranging ( A . 1 - 8 )  we ge-, 

K-1 

i =1 

Hence K -I 
r 

1- c . 2  

i =l 
'Li! ( t i  1- - "1 ) 2(i) 

F(K) = (:" .I-?) 

This i s  t h e  fundamnntal r e l a t i o n  used fo:. d i ; ~  efali lation of ~1-12 r i l a x a t i o n  
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Slypose there is  a cer ta in  amoimt, of error in tn c a l c u l a : i o ~ ~  

of 9 ( K - l )  $13 e i t h e r  to faultVyr daca o r  t3 :,merim1 roundr ig  of:'. If 

L ,  
k- L 

K.1- "rc ' 
r)( t 

Hence we should Slave 

(,2.1-11) 

i n  order LO reduce the  error i n  the calcdldtion of F(K) au? t o  i,he 8rrars 

i n  g(K-111, Y(k-2) e t c .  one s h o j l d  iiabe 

t h a t  i s  0113 s h o u l d  take each in te rva l  t o  be l a r g e r  than the previous one 

and the s i z e  of t h e  i n t e rva l s  i n  any i n d i v i d u a l  calculat ion should b? 
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decided by -the inequality (A.1-13). 

sec-cion i s  carr ied odt on the basis  of -,he above c r i  Leria, 

'Tae example given l a t e r  i n  this 

4 .  Pir ther  Frror Anal.irsis: 

Hcp$ i:is and Harming (102' used similar mthods  of numarical integ=.a- 

t ion ir! order to find creep function from measured values of re laxat ion 
. ,  

modulus ana concluded t h a t  +,he error should g radua l ly  decrease on the  

basis or' the above c r i t e r i a .  Lee and liogers (1*4) used similar c r i t e r i a  

and ilonclu,.ied t h a t  t h e  error decreases rapidly in the  above type of 

numerical integrat ion.  However, careful observation shows t h a t  t h i s  is 

not always the  case andmat  one should go f u r t h e r  in to  an e r ro r  analysis  

i n  order tm have a proper subdivi-sion of t h e  time interval wnich insures 

a- , r rnd - j a i  s r r o r  yeduction, For ti:., Lilue o.;.;:lL.; l e i  110 ph!sicai a5a;iiT-g 

specif ied ',o e i t h e r  D ( t )  01- E(;). 

of D( t )  which a re  re la ted  by t h e  approximace expression ( 6 . 1 -  :I, 
Z(K) and ?(K) = (1 -CK' I?(r;> i.e Jii-3 i lOTTp~lt2d a ~ d  u c w a l  va?d?s 0: 7;( k), 

CalciiLate E ( t )  from t n e  known values 

L e t  
u 

'rile:; 

Error i 1 i  ? ( K )  = Z. E( K )  (.&..1-14) 
'K 

L e t  the  -3rror which would occur iil .(IC 1) be 6 E(K+l). O n  t.h basis "K.1 

of previous analjsis one may wr i t e  
K+ 1 

c y  P.(K)  7- 'y-l cK 'I 

-- E ( K + I )  = 
OF;+' 

(A.1-15) 
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‘Then 

( -4.1-1 7) 

?quation A.l-17 shows t h a t  t h ?  error gradLia1l.j decreases only if 
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i Case 2: D( t) repreerents relaxation moddus. This case corresponds t o  

t h a t  considered i n  references 1.2 and 1 .4  . In  t h i s  case D ( t )  

i s  a decreasing function of t i m e  and 

( A .  1-22) 

If the  i n t e r v a l s  are gradually increasing, the second term on the  l e f t  si,rie 

of (A.1-20) is much less than uni ty  and t h e  inequal i ty  i s  s a t i s f i e d ,  except 

in extreme cases.  TMs is the case i n  the problems solved i n  references . 

(1.2) and (1.4). 

I n  the  first c s e ,  however, the  second term on t h e  l e f t  s i d e  of (A-1-20) 

i s  not mmh less than uni ty ,  a s  one of f ac to r  i n  t h a t  term i s  much g rea t e r  

than -mi ty ,  and the o ther  nuch l e s s  than one. Hence uxL2ss p r c p r  s i b -  

d iv is ion  of [O,T] i s  made, the  inequal i ty  (A.1-20) cannot be s a t i s f i 2 d  

and a p o s s i b i l i t y  of increasing e r r o r  e x i s t s  fo r  many types or" p a r t i t i o n s  

of the i n t e r v a l  [O,T] . 
5 .  Data fieduction: 

From F i g ,  A . l . l  it is  seen that, the da'sa fo r  sho r t  tlmes i s  not avail- 

able (par t icu lar ly  D(o)) . 
important r o l e  i n  the ca lcu la t ions  a s  i t  is  involved I n  the c.al_ciilation ~f 

Unfortilnately, this s h o r t  tima data plays an 

' 

E a t  every subsequent time. From t h e  above discussion i t  is seen :hat Lhe 

accwacy of the calculated valiles of Is depend, TO a l a r @  exten;, on the 

accuracy of sho r t  time values of D; which a r ?  e i t h e r  no t  avai labl?  o r  

ava i lab le  only as  an approximation. Hence a bes t  estima-te must 5e made 

for the  sho r t  time da ta .  
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derivat ive.  This faat is used as a &vide i n  estimating the  short time 

data .  :The original experimental data i s  given a6 a graph between D( t)  

and l o g  t .  It is very d i f f i c u l t  t o  determine on t h i s  sca le  whether D ( t )  

i s  increasing or  deoreasing. 

(Fig. A.1.2) a s  a graph of D ( t )  versus t. 3- smooth aurve with continu- 

ously decreasing slope is  dram, passing t!lroil;l1 inost, of “,E data points  

Hence the  sho r t  time data is  replotted 

and t h i s  ollrve i s  extrapolated t o  t = 0. T h i s  c; irre is then :al;.;.n as 

t h e  c o r r z c t  represeniation of iine short  tine data .  

4 .  A n  Example: 

A. Fortrm program has aeer~ writce:i f o r  t r ip  ca lcu la t ion  of reiaxa-cion 

modulus from creep conpliance as givei, b j  eq ia t ion  ( A . 1 - 3 ) .  A copy or“ 

from Figures A . l . l  and 11.1.2 the relsxatiozi mod-Ius t1as Dee:] c a l c d a b e a  

for t i m - . s  up 7;o &,Oi l0  seconds. Since L h e  resiiss and da ia  a r e  in te r -  

changeable in equatiorl ( A . 1 - 2 )  t h e  creep compliaiice ha6 been c a l c d a t e d  

using ‘;he abate calculated values  of re lzxst ion modulus a s  the i n p :  
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T!BLE A.1-2 

Input data f o r  mechanical re laxat ion from mechanical creep 

Input 

20 1 
0.0 

1 . 0 
2 . 0 
3.5 
6.0 

1G.Q 
20.0 

35 . 0 

60.0 

100.0 

200.0 

350.0 
6OG.O 

lCOO.0 
2000.0 

3500.0 
6000 . C 

1 OOCO . 0 

200go . c! 
3SOOO.O 

Mechanical R2laxa-cion 

1.0 ............................. 
1.23 ......... C .................. 
1 .50  ............................ 
1.75 ............................ 
2.10 ............................ 
2.55 ............................ 
3.3c ............................ 
4.10 ............................ 
4 / 9 5  ............................ 
5.30 ............................ 
7.35 ............................ 
8.60 ............................ 
9 .55  ............................ 
10.50 ............................ 

Output; 

0.6 

0.64C 
0,52666.3 

0.411 0 >4 
0. 322320 
c. 2 3 ~ 7 ~ ~  
0.1 3'7657 

C.161'735 
0.137 . '43  
O . i l G 8 3 ' 7  

0.1 021 33 
0.0 32821 
0 .  G8t33C4 

0. C73325 

11.60 ............................ 0.0'77144 

12.5 ............................ 6.673378 

12.35 ............................ C4.0727L8 
13.30 ............................ 0.071856 

' r _  . c.722 sc, 13.5 ............................ 
13.75 ......................... ! .. 

D(0) = 0.4 x 10 -3 in2/ lb  . 
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TABLE k.1-3 

Time  (sec.) 

Input data for mechsnlcal creep from calculated mechanical r e l axa t io3  . 
RAaxation Creep 

0.0 

1 . 0 
2 . 0 
3.5 
r P 

l G . C  

2c.c 

35.0 

6C.C 
1oc.o 
200.0 

356.0 

6cc . 0 
1000.0 
2000 . (? 

3500.0 

6000.0 

10000.0 

20c00 . 0 

... 

output 

F ( t )  x 0 .4  x 10-3 l b / d  

0.8 ............................ 
0. 640 ........................... 
0.526869 ........................ 
0.4110'?4 ........................ 
0.322320 ........................ 
0.235700 ........................ 
0.137657 ........................ 
0.161786 ........................ 
0.137943 ........................ 
0.110897 ........................ 
0.10213'3 ........................ 
0.092821 ........................ 
0.086904 ........................ 
0.07'3325 ........................ 
0.088144 ........................ 
0.073678 ........................ 
0.072718 ........................ 
0.071856 ........................ 
0.072256 ........................ 

1.56250C 

1.838699 

2.23 3464 
2.0812 57 

3.729231 
7.8 3830 

5 . 8 8 9 4 3  

7.18941 3 
8 . 6 3834; 

11.320508 

10.68b227 

11.721610 

12.728b06 

13.  34248'3 

13.511937 

13.382328 
14. 177561 

14 .  052345 
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APPENDIX A.2. 

Preparation of Mgdel Material 

T h i  model material  m u  t be 5ransparea5, exiiibi t b l r e f r i r i p i c e  depei-ideii t 

upon the mxhanical s t a t e  and have viscoelast ic  propert ies  s imi la r  t o  those 

of ',he protot;rpe. 

consisted of mixing 25 t e s t  batches of epoxj and polJester r e s ins  and 

silicone rubbers with various p l a s t i c i ze r s  and harder,ers, 

calidida',es were selected fror. ;he 25 o7l:tiiial mixes and were casb  i n t o  sheets ,  

T-nail? spezlzcns were cut, f r ~ a  tke ckeets a n i  creep +ns)Js weye p"rfc?rm?d t,o 

determine the bes t  model material .  

The f i r s t  phase of t h s  development or' a model materlal  

The more promisiiig 

SomT x-cia1 f l ex ib l e  polyesLer (Eeickiol3 Cheir;icals 11.c. 6121) a d  w i t h  

l$ ivEii Peroxide is 8 *seiiblt? aacinl material; howe-"-er i t  has 1 ~ t v  birefringence 

and r e l a  t l v e l ~  high absorbt ivi ty .  

i s  the d i f f  ic 11 t:,- of mixing reprodicible batches. 

The main disadvantage of .this material- 

An e p o q  (ClEIi'., k a l d i t e  7C2) plas t ic ized  with vaq%g aa0u:ts of 

Di-n-but;l Phthalate an3 cured w i t h  CISX, Araldite 131 produces a low- 

modulus, ;ransparent v i scoe las t ic  material. Tfie birefriiigence of this 

material  i s  not as h igh  as the material used f o r  subsequent experiments. 

I . ,Yx t .~ . e s  of' C I I I ,  b a l d i t e  702 and 566 cured wi r;~ 19':. IET.< ape l ~ i r c  f,'i-zti- 

gent ?YL~, hs7:e 3 hizh  ~~cdiXLus a x l  B veri- short, re laxat ion t i m e .  

The maturial se lec ted  was an epoxg mixture made frocl comporierits rnai!u- 

factured by the CIBA Co. Three componen.:? ar?  used: Aral3i';e 5C2,  a rig-13 

epoxy used fo r  photoelast ic  z e s t h g  arid as  a s t r u c  cural adhesi-b:e? !;?aldite 

5 0 6 ,  an epoxjr f l e x i b i l i z e r  and !?raLdi-te ,?G3,  an amine hardener. T2is n;aterial 



was selected because of i t s  high birefringence and because i t s  re1axa:ion 

t i x  could be varied over a wide rar,,ge 'q simply varying r;he proportion 

of f l e x i b i l i z e r  used i n  tne mix. 

If i r a l d i t e  6010 i s  subs t i t J t ed  for  I . a l d i l e  208 a. final maberial i s  

obtained which i s  of s l i g h t l y  higher mod.ltis for the samn proportiocs a i d  

has  near ly  ident ica l  birefringence. 

Tests were m d e  to de:ermine t h e  a m u n t  of permanent viscous flow 

i n  t h e  mater ia l .  Creep t e s t s  were perr'oL-:c-.d 011 t ens i le  specimens a t  the 

maximwm 1we1 of s t r e s s  usPd i n  sukequen? model t e s t in? .  The specfmsns 

were tiien renoved from the creep tssi appara;us and allowed t o  re lax  ?or 

se'7y-*e " + , ~ d i  days .  Measxemer,ts of iEixia1 a d  f i n a l  lengths af the speci- 

m e m  showed t h a t  Lhe permanent s t r a i n  d i ?  LO viscoss flow was less than 

C . l $ .  

A mol3 was pr?pared t o  cas t  shee t s  of Lh.:. materiu:, ? / A  ir;ch thick 

and two rq;iare f e e t  i n  a rea ,  

two faces  of the  =old,  I-/,!+ inch s i rg i ca '  tubing formed a gasket Sctweer, 

the shee ts  OL 3 s ides ,  the thickness 5 e i G  controlled by l/L,  inch spacers 

placed be-,ween tke g lass  faces and outside of the g i z k e t .  

Sheets of p l a t e  g l a s s  were Jsed for the 

T h i s  epoxy formulation i s  a very tenacious adhesive a r d  care ;nust be 

taken t o  cgmpletely cover a l l  surfaces exposed t o  thn ~ P O X ~ J  w!t,h a re lease 

a5ent. To insure mold removal the surfaces iflust f i r s t  be cleaned wi !h a 

so lvent ,  thre; lighz coats of a Carnuba-3ase wax are  then appl ied,  al1owi::g 

esch coat  t o  p a r t i a l l y  dry and polishing it, Sefor? epp l i ca f io~ ,  of t h e  x e x t  

coat .  ; inal ly  a l l  surfaces a r?  sprayed wi:h a polyvinyl alcoi-!ol sol_.;tio-i 

which when properly applied and 3ried forms a smoot? water s o l ~ ' s l e  f i lm.  
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Some experimenting was required to 2volve a spraying technique which would 

give a glassy smooth s i r f a c e .  Tk.e CmiuSa j a s e  wax and che polyvinyl alcohol 

solut ions a r?  ava i lab le  throwj-h 306 t comerc ia l  f iberg lass  supply h o a e s  . 
A t  room temperature the viscosi  ti or" the w c a  talyaed resir! componeiits 

is such tziat small air bubbles w i l l  b e e o m  :rspped i:b the ~ x ~ i r e  while 

s t i r r i n g ,  r e su l t i ng  i n  a poor cast ing.  Ii' ;he mLxtwe i s  p l a c p 4  i n  a vacnm 

some bJobles w i l l  be drawn out btlt the mix9d-e will ca ta l j ze  oefore a l l  of 

the blibbles a re  gena. 

t o  mixing (,he - , iscosi ty  is l o v m k d  sut'finio:itl:; '"0 allow encrained a i r  

LO floar, off uer'ore so l id i i i ca t io i l .  Tnis approach has been dsed t o  cas t  a 

xw5er  or' -q-erj- successful sh5ets of mdei lodierial. hea h i ,  tLe co:nponen-cs 

reduces ;h;? pot l i f e  of ti,e mixt7~re :o less  than f ive  mii;utes alt,er the 

hardeiier is added. ?ilia1 L~xing and pourine iiico Cue molil m u ~ t  De aone 

quick1,j. 

drill ino%or f a c i l i t a t e s  mixing. 

If %h.  r e s i n  compone:its a r e  heated t o  130°F p r i o r  

A paddle moun-ced a t  tne end of e rod and driven b~ a slow speed 

The resin is  cured i n  an oven I'OP 12  hours while the tnrnp-.rature i s  

maintained a% 16d 2 j°F. 

moved. TLie runber-tdbe gasket i s  stripped off and a razor Dlade is used 

t o  C U L  arou--d che edges between che casx sheer, and t h e  g lass .  dooden wedges 

a r e  slowl,,? pressed Setween the edges or' tne g lass  faces w n i l e  t h e  sh2e; 

i s  held Lilder ru-miAq water. 

i'he mold i s  :&en from t h e  oven ar,d tw  clanps re- 

Csi*ef'~l p ~ y i ~ d  i v i l l  reilizve the nold ai'tw ~iljoiit fib4 01' t,en mi,iuLes. 

The newly cas t  sneet  i s  men washzd t o  renos-e ;he mold re lease agent arid 

placed 0x1 a f l a t  paper or ueflon coated s n f a c e  to  I.elax GO e q i i l i b r i u m .  

After  the  sheet  has relaxed fo r  a da: ,nodels arid specimens i n q -  oe 

l a i d  out  on the sheet .  'These shapes are tlieri cut from tLe sheet  orl 8 

band saw at high  speed with a skip-tooth blade.  
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Machining aacurata mnde1.R from t.hic: mxt.erlal_ ,nreser,ts EX? ~ x k l e ~ , ~ ,  

If the material is clamped l i g h t l y  i n  e vice or 8 chuck i t  relaxes an5 Secom-3s 

loose.  If the vice o r  chuck i s  tightened enough io  hold t h ?  pa r t ,  the  pa r t  

becomes d i s to r t ed  so that  a f l a t  surface o r  a sqaare edge a f t e r  r emva l  from 

t h e  J i g  is no longer f l a t  or square. h o t h e r  d i f f ic l r l ty  appears when a deep 

clit i s  made. During a deep clrt, -the tool mashes the material  under it s l i g h t l y  

so t h a t  a f t e r  re laxat ion the p a r t  is  l a rge r  than expected. 

Thr?se pecul iar i t , ies  have been d e a l t  w i t h  k)r U S ~ L S  doilSle-Sided adhesive 

tape t o  hold the model to  tho  face p l s t e  for  t .xn t2g  operat-:.ons and 'o;~ 

t,apin? the  Jaws and bottom of t h e  .;ice fo r  aKLl5.nf: op3ratlo 

corn-ers a r e  required,  t h e  model m y  be +,aped on both r'ac.;.s a113 car,dwNi ched 

between 1/8 inch Plexiglas ,  the sandwich being then -iapc!d 011 both ?dges 

and very l i g h t l y  clamped i n  a vice. 

it should ije approached slowly with f ine  cu-Le. 

the f i n a l  s e t t i ng ,  the specimen i s  allowed t o  re lax  f o r  1.2 -50 3C: n!i:i;ltes 

and the  l a s t  cu t  is made a t  the SQ~:E inachirit.1 set.',:.:-,g. Tkls  piroc2cs cay  be 

repeated i f  extreme accuracy is req.Lred, 

I f  a pa r t i cu la r  dl:n%siori i s  desired,  

'.iher, t h e  7rc.iiiTie k s i s  rnached 

Flat  surface8 and edges a re  cut w i t h  a sharp fly c8itl ter ri.mini: a t  h i g h  

speed. Cizwllar sectior: ca,? be bir:ied ir. a iaflie U S  ?!idh s p e d  ,.isir<; a sharp  

pointed too l  with about 35'. Holes m y  be d r i l l e d  i f  ',he rLodel 5s saiidwiched 

between Plexiglas and the  d r i l l  i s  s h a q  and turned at high spe3d. 

For some models it is he1pf.d 50 cocl the  model i n  a r e f r ige ra to r  

0 inmediately before mschining. The material i s  q u i t e  s t i f f  a t  L+C F. 

The models used t o  date i n  t h e  proJect has;e bca: machined d r y .  I f  a 



I if the  coctlar,t accelerates $he growth of euke i'rin,es. Fater, f o r  exarrple, 

will considerably accelera Le the growtt, of euge iricges, 

Finished  models stored a: normal reon &di;ion:, will ,e useilble ;or 

se% era1 waeks or  more Sefore edge I"ri&-es beco;x excessi; e .  

ace tone, ri-heptane, met'r,l-lenedicizlor.lde a;:d water w i l l  accelera t e  edge 

Carnuba wax, 

friEge growth, a dessicating atmosphere w i l l  r c t a r d  edge i 'i-irge growth. 

The models reported hav-. a l l  been stored a l  r o o m  coxi i t ion t .  



AF'P3NDIX A. 3 .  

Calibration of Mosel Xater ia l  

The photoviscoe las~ic  material  is cal ibrated i n  a t e n s i l e  creep 

tei;.t,. 4 .)1Tical t e n s i l e  specimen 1/4" thick b,r O.&l wide  by 6" io rg  is 

shown 1 1 1  f i g .  A . 3 . 1 .  Usually s i x  or  e i g h t  ca l ibra t ion  specimens a re  c J t  

from each s t e e t  of model mater ia l ,  Experiments have shown chat  .spec ir!ier,s 

til% from d i f f e ren t  loca t ions  and o r i en ta t io r s  i n  the s h w L  f i e l d  the 

' same creep behavior. 

The e n t i r e  batch of specimens my be s tacked on edge and mjlled 

bonded t o  each end of' each specimer. w i t h  i:as-unarl '310 and L?E srleciriiens 

a r e  placed on ddge on a f l a t  surface t o  relax before testl?::. R:r l?avi:it: 

iesIs while %he other speciniens a re  tes ted.  

Tvo creep cal i b r a  tion j i g s  a r e  shown i?: Figures !.. 3.2 aiid l'. 3 . 3 .  

and t o t a l  specimen deformation is meas.ared w i t h  a d i ~ ' f e r e r ~ t i a 1  t rawformer.  

The load is  nieasured wi%h a beam inst,rwie?ted w i t h  s ' , r a f ~  :a<TF?s. 'The load 

c e l l  o d t p i t  allows one tc!  see i n  de t a i l  The chape of the i?pJt- load step 

i n  creep -sesting and records the load relaxation i n  re laxat ion testin,.. 

The time nter-cal &mirig load ing  is ayyroxiniately 0.2 seconds. -1 ca l ibra  ted 

c l i p  gage bent from a O.klC,  inch t h i c k  s t r i p  of aluminum and instrumented 

w i t h  s t r a i n  gages i s  used t o  measure the cnangin,: width of the specimen as  

i t  creeps. This measurement allows Poisson's r a t i o  t o  be computed. 
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( a )  l i g h t  s o u r c e ,  f i l t e r e d  Hg a r c  
( b )  t e m p e r a t u r e  c o n t r o l l e r  
( c )  l o a d  c e l l  
( d )  d i f f e r e n t i a l  t r a n s f o r m e r  
( e )  p h o t o m u l t i p l i e r  t ube  
( f )  c a l i b r a t o r  
( g )  brush  r e c o r d e r  
( h )  weight  pan 

Figure A ' 3 . 2 :  T e n s i l e  c a l i b r a t i o n  bench 
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l o a d i n g  f r ame  
l i g h t  s o u r c e ,  f i l t e r e d  Hg a r c  
P o l a r i z e r  and 1/4 p l a t e  
t e n s i l e  spec imen  
a n a l y z e r  and 1/4 h plate 
p h o t o m u l t i p l i e r  t u b e  
b r u s h  r e c o r d e r  
t h e r m o e l e c t r i c  c o o l e r s  
power s u p p l y  and c o n t r o l  f o r  
c o o l e r s  

F i g u r e  A.3.3:  T e n s i l e  C a l i b r a t i o n  Bench 
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xmpcrat:ires a s  determined 0:; the  thermocouple readings. The s lvs  were 

then immersed in t h e  ba th  and st i r red vigorowl; . The t m p  -raL'ue historu/ 

being recorded on a ca l ibra ted ,  self-bala:lcirq; potentioneicr.  '\ rec tal;,_ d a r  



.. ,. _, 
1 
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F i g w e  A.4.1: Apparatus for Thermal Expansion Determination 



. 
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.(a) s t r i k e r  and t r i g g e r  
( b )  model 
( c )  c r y s t a l  pickup 
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Tempera tu re  = 78'F 
Sweep r a t e  = 20 msec/cm 

i n i t i a t i o n  of' p u l s e  
a r r i v a l  of p u l s e  

I .  

\ 

. -  

F i g u r e  A. 5.2: O s c i l l o g r a p h  t r a c e  showing  a r r i v a l  o f  p u l s e  
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Fig, A.5.3. Short-time modulus. 

Model mix 

weight Araldite 502 
weight Araldite 508 

70 80 90 100 
0 Temperature F 

Fig,  A.5.4. Short-time modulus a t  various temperatures 
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APPENDIX A. 6. 

Rotating Elements Bench 

The axes of pr incipal  stress a t  a point i n  some models change 

w i t h  time. During a t e s t  these c h a n p s  nay be determined by meas..rir,g 

:,he aiigle change of a polar iz ing axis as i t  is adjusted t o  keep the 

i s o c l i n i c  f r inge  on the point  and by knowing t h e  f r i n z e  gr*owt,h behavior 

from a t ens i l e  creep tes t .  An equivalent method consis ts  of rotati i i , ;  

t h e  polaroids continuously, while watchin2 the point i n  qLes t ion.  

the i s o c l i n i c  sweeps throwh the point duriilg each revolution the angle 

is noted. This l a t t e r  system i s  used i n  Lhe ro ta t ing  e l e m n t  bench. 

Three l i g h t  sources mj7 >e The bench 2s s h m  i n  Figure A . 6 . l .  

ilsed: a point  source, d .c .  mercury a rc  with a Vlratteri 771- filter, a 

d i s t r ibu ted  source, a.c. mercury a r c  aml a ,Teen f luorescent ,  dif fused 

source. Condensing lenses  a re  used w i t h  the point source l i s h t  t o  g e t  

p a r a l l e l  beam through the specimen. The l e m e s  a r e  remo:.ed from the 

l i g h t  path when the d is t r ibu ted  l i g h t  sodrces a re  used. 

Each l ens  stand is  f i t t e d  with a ball-bearing c a r r i e r  to support 

t h e  ro t a t ing  Polaroid around i t s  outside edge. 

by astepping solenoid through a posi t ive CiriTle, link chain. '#her, the 

solenoid i s  pulsed the Polaroid advanced 9'. The pdlse r a t e  is  COG- 

t i r , u o ~ s l y  adjustable  from 5 p 'dses  per second t o  1 pdse  per 2 mimtes .  

A 1 6  mm Cin3 Special  camera i s  used to  record the f'riq;e pa-t terns. 

'The Polaroid is driven 

Mounted next %o t h e  model and i rc  the f i e l d  of' v i d w  of the cal:it!r*a is a 

d i g i t a l  timer with 1/10 second minimum reading. Incorporated i n  the  

timer i s  a runbered wheel driven by a small r o t a t i r c  sole!ioid which is 
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t i e d  to the d r i v e r  solenoids indicatin: the a_n,-le of the p o l a r i z h j  

m+,e i s  then reduced t o  I irame/secoi!d. .'is she fr i ' i te p a t t e n s  approach 

eq-.ii1 i5J-iurn ,he frame r a t e  is rorrecpo.di.1 -1;~ r e d u c e j .  

used; co:lstanc load, cons ta;it strais., :om 4 ~ : A ' b  s t r a i -  r a t e  an 1 : i :I !soida? 

s t r a in .  



. - . - . .. . .. .-.. L.* . - .  

! 

light s o u r c e ,  f i l t e r e d  Hg a r c  
P o l a r o i d ,  r o t a t i n g  
l o a d i n g  frame 
l o a d  c e l l  
model 
t i m e r  and ang le  i n d i c a t o r  
P o l a r o i d ,  r o t a t i n g  
camera 
r o t a t i n g  P o l a r o i d  c o n t r o l  and power s u p p l y  
d r i v e  s o l e n o i d s  
s o l e n o i d  v a l v e s  for p r e s s u r e  l o a d i n g  

F i g u r e  A.6,l: P h o t o v i s c o e l a s t i c  Bench 



. ( a )  v a r i a b l e  s p e e d  d r i v e  
( b )  cam and t a p p e t  

Figure A.6.2: O s c i l l a t i n g  l o a d e r  
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-- \ i  
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Fig. 7.1. S t a r  Gra in  Model. 
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a) nichrome heater ' 
b) laytex diaphragm 

c) guards, (Polaroid laminated t o  plexiglas)  

Fig,  A.'7,2. Pressure loading jig (model removed) 
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. .  
I .  

, '  

.. 

Fig. A.7,3, Hysal 4485 ca l ibra t ion  specimens 
for  ca l ibra t ing  pressure jig. 

I .  
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Fig. A.7.4. Pressure calibration specimen with circular 
hole (star cutouts in Polaroid). 



a) l i gh t ;  source, f i l t e red  

b) constm-t pressure air supply 

c) 
d) camera 
e) heater variac 

loading jig (Polaroid6 incorporated) . 

Fig. A.7.5. Horizontal polariscope for heated model studies 



a) Potentiometer 
b) Thermocouple probe 
C )  measuring stations 
d) heater 
e) pressure loading j i g  

Fig. A.7.6. Apparatus for determining temperature distribution 



I;,troduc Lion: 

X high resolatjon opt ica l  beilch has ;lee;, desigled and b u i l t .  I t  was 

desiglred to be used pr imari ly  as a para l le l  loearn polariscope. This tJpe 

of polariscope leiids i tself  more readi ly  bo so17.ing problems where a high 

d c g e e  of precision is required.  h general Liew of che polariscope is  shown 

This c o m i s  Is of two p a r t i a l l y  re f lec t ing  plane mirrors which a r e  irisertcd 

o:i each s i d e  of the model t o  be tes ted.  T r i i s  r e s d t s  i n  a mu11,ipl;ear:ion 

or" t h e  fr2rq;e pa t t e rn  and hence s i ~ ~ i i f 5 c m - G .  increases me acc-uacc . 

in Figure A . 8 . 1 ,  anJ the major elements 0: L ! J ~  bench a r e  o l t l i ned .  Thg: 

desirable  cha rac t e r i s t i c s  of t h i s  polariscope are:  (1) the beam i s  c o l i i -  

mated t o  a high degree, which is  necessary i r l  s ezera l  methods of opt ica l  

I 

I 

In  the  followiq: each system of t h i s  polariscope i s  descriaed i n  de ,a i l .  
I 

I t  would be w e l l  to note i n  passing that th-. dses of th i s  op t ica l  h%ch I 



1.1 ' . 
are not l i m i t e d  to its various uses as a polariscope. Other E thods 

of opLi a1 observations s x h  as Moir6 fr inges are plalmed. 
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The quarter-wave p la tes  a re  desi,iied for 5,40 i 200'A l i g h t  slid ihe 

polaroid slieets a r e  r e l a t i v e l y  i : .semitive LO chaiq;es i n  waie leyac;  ch 

over -bhe i r i s i ~ l e  rarge. 

A focusing leris i s  placed ac  or iiear m e  focal poilit of Lhe second 

co l l i~na t ine  lens. This Ls  used LO cilci,lt_e &e size of ~ k e  iiiia, e t h a t  

can be obtained on h e  viewhid  scr2eli r r i t , i i  a l i n i t ed  motion of ;his 

screen. 

The k?iewin,; apparatus of course d e p t ~ c i s  iipoli d,  3 t, pe of experinieii 

- x i n g  cond.icced. A t  preseut, i t  c o m i s l s  of ;he groimd g l a s s  screeii 01' 

UT? 8 x 10 v i e w  camera. T h i s  por L h :  0:' polariceope 113s lJeeii 1'; bted 

w i t h  an opt ica l  oench to f a c i l i t a t e  tile IIDJ, A I g  of c d i u r  Ulii-pes of' ob- 

ser'ratiori cqJipment. 

..-- I l l -mina  vlori S.fsr;ein: 

> 

This  may iJe see:; if ,  F i z u r e  A.6.3. 

I n  oi-der to or! (,ai3 accura Le q l ~ a ~ l ~ i  ,titi de res& t s  ill pmcoeias  i i c  

exyerimelits nioiiocnroimtic lic1iL is  rtqtjlrtA. ihis i s  uc:iid , e d  i.. ,IL s 

polariszope i n  h e  same mainer as used i;, ,Le other polai-iscopes 3es;crioeA. 

h h-gh prcss  .re mercaq  a rc  lamp is used i>, coi i j~mccio~ wl:h a !!arrow 

ba?id f i l  ;er. i cs spectral  o c ~ ~ p i .  is  LOW, 

i a  F i g u r e  L'L.G.4. I t  w i l l  be noted m a t  ~ ~ 1 - 2  ouikilt is rer.Lr rick1 i:i J t x a -  

v i o l e t .  I'he pa r t i cu la r  emission l i i ie dsed is  the ,4.-lC A litA?. 

quar te r  wave ylaLes used were supplied dJ die foidroid i u r * & u r ~ ~  J i b  , c i d i  

a rc  desig-led to i)e cperated a t  ,>LCIG .. 2if3 4 

that the qJarter-ware pla  Les a re  no L ptrt'cc: ,I y ITB tckci LO LLe 1 ii h, 

arid would result i n  s l i g h t l y  elliptically polarized l i g h t  i n  tile work in . 

rhe lamp lrsed i s  a PFK-10;;. 

C i'hu. 
I 

c I c w i i l  Liids Le I ~ O L ~ ~ ~ I  
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Fig, A . 8 . 1 .  Over-afl view of optical  bench. 
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Fig.  A.8.2. Schematic Diagram of Optical Arrangement 

a - Point l i g h t  source 

b - 
c - 

Collimating lenses  - 48" focal length f/6.3 

Focusing l ens  - 20" focal length f/S .6  

d - Viewing device 

Y 



' 

Fig. A.8.3. CC ima ing l e n s  with attached quarter-wave 

plate  and malyeer .  Also scan a rc  focus,  
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5 

Fig. A.8.4. Relative spectral  ene'rgy graph f o r  PEK-109 

.30 

.20 

t 

i 
I 

475 500 52 5 5 50 575 600 650 
wave length - (millimicrons) 

Fig. A.8.5. F i l t e r  charac te r ia t ics .  



122 

Fig, A,8.4 Straining Frame 



I .  

Fig..A,8,7, Pressure rig with rocket grain 
cross-section and binary counter. 


